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Abstract 

This paper studies the local exact controllability and the local stabilization of the semilinear Schrodinger 
t-O I equation posed on a product of n intervals (n > 1). Both internal and boundary controls are considered, 

r ^ ■ and the results are given with periodic (resp. Dirichlet or Neumann) boundary conditions. In the case 

of internal control, we obtain local controllability results which are sharp as far as the localization of 
, the control region and the smoothness of the state space are concerned. It is also proved that for the 

linear Schrodinger equation with Dirichlet control, the exact controllability holds in H~ l {Q) whenever 
the control region contains a neighborhood of a vertex. 

Key words. Schrodinger equation, Bourgain spaces, exact boundary controllability, exact internal 
controllability, exponential stabilization 
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1 Introduction 



in 



The control of the Schrodinger equation has received a lot of attention in the last decades. (See e.g. J52| for 
an excellent review of the contributions up to 2003). Significant progresses have been made for the linear 
Schrodinger equation on its controllability and stabilizability properties (see ^4|, |3l], [36| [37], |3^, [l0| fOt 
\J2 | for control issues, and pi El, 12, 3^, |5l| for Carleman estimates and their applications to inverse problems) 



o 
o 



For the control of the so-called bilinear Schrodinger equation, in which the bilinear term is linear in both 
the control and the state function, see e.g. EJ[ @, |, § [H], |(], |, f§ and the references therein. 

By contrast, the study of the nonlinear Schrodinger equation is still at its early stage. Recently, Illner, 
Lange and Teismann [EJj], |2(| considered the internal controllability of the nonlinear Schrodinger equation 
posed on a finite interval with periodic boundary conditions: 



iu t + u xx + f(u) = ia(x)h(x,t). (1) 

In (Q), a denotes a smooth real function which is strictly supported in T, the one-dimensional torus. They 
showed that the system (EJ) is locally exactly controllable in the space _ff 1 (T). Their approach was based 
on the well-known Hilbert Uniqueness Method (HUM) and Schauder's fixed point theorem. Later, Lange 
and Teismann J25| considered internal control for the nonlinear Schrodinger equation (EJ) posed on a finite 
interval with the homogeneous Dirichlet boundary conditions 

u(0,t) =u(w,t) = (2) 

and established local exact controllability of the system (0)-((|) in the space Hq(0, it) around a special ground 
state of the system. Their approach was mainly based upon HUM and the implicit function theorem. 
Dehman, Gerard and Lebeau jl3| studied the internal control and stabilization of a class of defocusing 
nonlinear Schrodinger equations posed on a two-dimensional compact Riemannian manifold M without 
boundary 

iut + Au + f{u) — ia(x)h(x, t). 

They demonstrated, in particular, that the system is (semiglobally) exactly controllable and stabilizable in 
the space TJ^M) assuming that the Geometric Control Condition and some unique continuation condition 
are satisfied. 
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Recently, the authors proved in [Q that the cubic Schrodinger equation on the torus T with a localized 
control 

iu t + u xx + X\u\ 2 u = ia(x)h(x,t), i£T, (3) 

is locally exactly controllable in H S (T) for all s > (hence, in L 2 (T)). Inspired by the work of Russell- Zhang 
in , the method of proof combined the momentum approach and Bourgain analysis. In the same paper, the 
local stabilization by the feedback law h — a(x)u(x,t) was established by applying the contraction mapping 
theorem in some Bourgain space. Finally, similar results were obtained with Dirichlet (resp. Neumann) 
homogeneous boundary conditions thanks to an extension argument. More recently, Laurent has shown 
in ^| that the system (^) is semiglobally exactly controllable and stabilizable. The same result has also 
been derived by Laurent in |2^] for certain manifolds of dimension 3, including T 3 , S 3 , and S 2 x S 1 . The 
propagation of compactness and regularity proved in [ p8[ |29[ plays a crucial role in the derivation of the 
stabilization results in these papers. See also |50| for another application of these ideas to the semiglobal 
stabilization of the periodic Korteweg-de Vries equation. 

In addition, the authors considered in [^] the following nonlinear Schrodinger equation 

iu t + Au + \\u\' 2 u = 

posed on a bounded domain f2 in R™ with either the Dirichlet boundary conditions or the Neumann boundary 
conditions. They showed that if 

n 

s> r 

or 

< s < - with 1 < n < 2 + 2s, 

or 

s = 0, 1 with n = 2, 

then the systems with control inputs acting on the whole boundary of Q are locally exactly controllable in 
the classical Sobolev space £P(f2) around any smooth solution of the Schrodinger equation. 

The aim of this paper is to extend the results of [|6| to any dimension. More precisely, we shall assume 
that the spatial variable lives in the rectangle 

n = (o,ii) x---x (o,f w ). 

We shall investigate the control properties of the semilinear Schrodinger equation 

iu t + Au + \\u\ a u = ia(x)h(x,t), (4) 

where Ael and a S 2N*, by combining new linear controllability results in the spaces iP(f2) with Bourgain 
analysis. Let us briefly review the results proved in this paper. 

The internal controllability of the linear Schrodinger equation on T™ 

iu t + Au = ia(x)h(x,t), ieT", te(0,T) (5) 

is established in H s (T n ) for any s > and any function a ^ 0. (Note that the Geometric Control Condition is 
not required.) It is derived from a well-known result in L 2 (T n ), due to Jaffard |2l| when n = 2 and Komornik 
|p3[ for any n > 2, by an argument allowing to shift the (state and control) space from L 2 (T n ) to H s (T n ). 
In particular, the exact controllability in H s (T n ) will require a control input h G L 2 (0,T; H s (T n )). Similar 
results with Dirichlet or Neumann homogeneous boundary conditions are deduced by using the extension 
argument from p6f . 

The boundary controllability of the linear Schrodinger equation is considered both with Dirichlet control 

u = l r „h(x,t) (6) 

and with Neumann control 

^ = lr /iM). (7) 

In (||) and in (]?]), Tq denotes an open set in d£l. For the Dirichlet control, we shall prove that in any 
dimension n > 2 the exact controllability holds in iJ _1 (il) whenever Tq is a neighborhood of a vertex 
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of fl. The observability inequality for this (arbitrarily small) control region is actually derived from the 
corresponding observability inequality for internal control by multiplier techniques. 

For the Neumann control, the exact controllability in L 2 (il) is obtained in any dimension when Tq is 
a side. Finally, the results with Dirichlet (resp Neumann) boundary control are extended to any Sobolev 
space H S (Q) with s < 1/2 (resp. s < 1) by considering control inputs more regular in time, namely 
he H^-(0,T;L 2 (dn)) (resp. h e Hi (0, T; L 2 (dn))). 

The extension of the above exact controllability results to the semilinear Schrodinger equation 

iu t + Au + X\u\ a u = ia(x)h(x,t) (8) 

is performed on the basis of Bourgain analysis. The needed linear and multilinear estimates are combined 
with a fixed-point argument to produce local exact controllability results. Sharp results (for the support of 
the control input) are given for the internal control. Boundary controllability results are derived from those 
established for the linear equation with the aid of estimates in Bourgain spaces of solutions of boundary- value 
problems with boundary terms given by HUM. 

Finally, the local exponential stabilization with an internal feedback law is proved by following the same 



approach as in 46 1. 



The paper is organized as follows. The controllability results for the linear Schrodinger equation are 
collected in Section 2. Section 3 is devoted to the controllability of the semilinear equations. Section 4 
deals with the internal stabilization issue. Multilinear estimates for nonlinearities of the form u ai u a2 are 
established in Appendix. 

2 Linear systems 
2.1 Internal control 

We first consider the linear open loop control system for the Schrodinger equation posed on T" := (— 7r,7r)" 
with periodic boundary conditions: 

iut + Am = iGh := ia(x)h(x, t), u(x, 0) = uq(x), (9) 

where a S C°°(T n ) is a given smooth real- valued function and h = h(x,t) is the control input. 

We denote by H s (T n ) the Sobolev space of the functions u defined on the torus T™ (i.e. defined on K™ 
and periodic of period 2n with respect to each variable x{) for which the H s norm 

|M| s = ||(l-A)'/ a u|| za(T ») 

is finite. 

We first establish an internal observability inequality for the solution v(t) = W(t)vo of 

' iv t +Av = {x,t) eT" xR, 
»(0)=«o. [W) 

Proposition 2.1 (Observability inequality in H- S (T 1 )) Let a e C°°(T^) with a ^ and T > 0. Then 
for any s > there exists a constant c > such that for any solution v of ( |l0|) with vq G H~ s (T n ), it holds 

IM| 2 - S <c/ \\av(t)\\ 2 _ s dt. (11) 



Proof. We proceed in several steps. 

Step 1. Assume that s = 0, and let 

u = {x e (-7r,7r) n ; \a(x)\ > \ \a\ | L -( T «)/2}. 



Then, by |2J, Lemma 8.9], there exists some positive constant c such that for any square-summable sequence 
(cfc) fcG Z"\{o} we have 

i-T 



£ Cfce <(k--|fc| a t) 



2 

dxdt. (12) 



4 



The result is still valid when the set of indices is changed into Z™ by |2J, Proposition 8.4]. This yields ( |l l| ) 
when s — 0. 

Step 2. We prove the weaker inequality 

IM| 2 - S < c ^£ \\av(t)\\- s dt + IMlL.-rJ (13) 

by contradiction. If (|l^) is false, then there exists a sequence {Vj} of solutions of @ in C([0, T]; if -s (T")) 
such that 

1 = IM0)|| 2 _ s > j ^ \\avi{t)\\-sdt + IM0)|| 2 _ s _^ . (14) 

Since vj is bounded in L°°([0, T]; i/" s (T")) and (u,-)t is bounded in L°°([0, T]; _ff~ s ~ 2 (T")) by ©, we infer 
from Aubin's lemma that, for a subsequence again denoted by {vj}, we have for j — Y oc 

in L°°([0,T];i?"- s (T n )) weak* 
in C([0,r];i7 r (T")) Vr < -s 



where u £ C w ([0, T]; H~ s (T n )) is a solution of (|10|). In particular, ^(0) ->• v(0) in iT(T n ) for any r < -s. 
Since Vj(0) -)■ in ff-'-^P) by (|l|), we conclude that u = 0. Let it^ = (1 - A) s / 2 u,-. Then Wj e 
L°°([0,T];L 2 (T")) and 



Let us split awj into 



Wj in L°°([0, T]; L 2 (T")) weak * 

Wj ^0 mC([0,T];H r (T n )) Vr < 0. 



aw, = (1 - A)- s/2 (a Vj ) - (1 - A)- s/2 [a, (1 - A) s/2 ]w,. 



As the pseudodifferential operator [a, (1 — A) s / 2 ] maps continuously H r (T n ) into H r s+1 (T n ), we have that 

(1- A)- s/2 [a,(l-A) s/2 ]w, -^0 mC([0,T};H r (T n )) for any r < 1. (15) 
Therefore, using (H) and ©, we obtain that 

a Wj in L 2 ([0, T]; L 2 (T n )). 

Clearly, Wj satisfies also the linear Schrodinger equation (|Io|), so we infer from the observability inequality 
( |li"|) established for s = that 



<j{0)->0mL 2 (T n ). 



It follows that Uj(0) = (1 - A) s / 2 Wj(0) ^ in ff- s (T n ), contradicting the fact that ||vj(0)||_ s = 1 for all j. 

Step 3. We prove ([ll]) by contradiction. If ([ll]) is false, there exists a sequence {vj} of solutions of ( |Io| ) in 
C([0,T};H- s (T n )) such that 

l = IM0)||- a >j/ ||a«i(i)||-.d« Vj>0. (16) 
Jo 

Extracting a subsequence if needed, we may assume that 

Vj^-v in L°°([0,T];H- s (T n )) weak* (17) 

Vj in C([0,T];i7 r (T")) Vr < -s (18) 

for some solution v £ Cu,([0, T]; H~ s (T n )) of @, where C TO ([0, T]; H~ s (T n ) denotes the space of weakly 
sequentially continuous functions from [0,T] to H~ s (T n ) (see |}5], Lemme 8.1]). Clearly, avj — s> av in 
L°°([0,T]; H~ s (T n )) weak * which, combined to (|l6|), yields aw = 0. An application of Holmgren theorem 
(see e.g. @ Theorem 8.6.5]) gives u = 0. On the other hand, @ gives u,(0) ^ in ff-^^T"). It then 
follows from @ that Wj(0) ^ in i/- s (T"), and this contradicts @. ■ 



Applying HUM |3J] with L 2 (T") as pivot space, we infer from Proposition 2A the following internal 
controllability of the linear Schrodinger equation in H s (T n ). 
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Theorem 2.2 Let T > and s > be given. Then for any (u ,iii) E H s (T n ) x H s (T l ) there exists 
a control h £ L 2 ([0, T]; 7J s (T ra )) suc/i that the system (^|) admits a unique solution u G C([0, T]; _ff s (T™)) 
satisfying u{T) — U\. Moreover, we can define a bounded operator 

$ : H s (T n ) x H s (T l ) L 2 ([0, T]; £P(T™)) 

smc/i ttai /or any (uo.ui) € H s (T n ) x iJ s (T") if ZioZds 



W(T)u + / VF(T - r)(G($(uo, t*i)))(-, r)dr = i*. 



(19) 

The (small) control region is represented in Figure [jj. Trapped rays are drawn to mean that the wave 
equation fails to be controllable with such control regions. 



Control region 



x 



x 




Trapped rays 



Figure 1: Internal control of the Schrodinger equation. 



2.2 Boundary control 

In this section ft = (0, w) n , and Tq denotes an open set in dfl. 



2.2.1 Dirichlet boundary control 

We first adopt the following definition. 

Definition 2.3 The open set Tq C dfl is called a Dirichlet control domain if given any uq, u\ £ H~ 1 (Q) 
and any time T > 0, one may find a control h G L 2 {0, T; L 2 (Tq)) such that the solution u = u(x, t) of 



iUt + Au = 
u = lr h(x, t) 
it(0) = it 



m n x (0,T) 
on dn x (0,T) 



(20) 



satisfies u(T) = u\ 



The following result provides Dirichlet control domains which are arbitrary small in any dimension n > 2. 
Note that the wave equation fails to be controllable with such control domains. 

Theorem 2.4 Let O = (0,7r)", and let Tq C dtt be any open set containing a vertex of dQ. Then Tq is a 
Dirichlet control domain. 



() 



Control region 



x 



Figure 2: Boundary control of the Schrodinger equation. 



By Dolecki-Russell test of controllability (or HUM), Theorem 2.4 is a direct consequence of the following 
boundary observability result for the system 



iv t + Av = 
v = 
v(0) = wo- 



rn n x (o, t) 

on dil x (0,T) 



(21) 



Proposition 2.5 isswme iftai t/ie (open) control region Tq C <9il contains a vertex of dQ. Then for every 
T > 0, there exists a constant c > smc/i £/ia£ 



l|V«o||x,a ( n) < c 



/o Jr, 



dv 
dv 



dadt 



(22) 



for any solution v of ( pl| ) irai/i u G ^o(^)- 



Proof. We proceed in several steps. 

Step 1. First, we prove an observability inequality in i?g(fi) with an internal observation in an arbitrary 
subdomain of O. 

Lemma 2.6 Let us C fl be an arbitrary nonempty open set. Then there exists a constant c > such that 

fT 



||V«o||£ a(n) <c f f \Vv(x,t)\ 2 dxdt 

JO Jul 

for every solution v of (|2l]) with vq £ i?g(fi). 



(23) 



Proof of Lemma 2.6. Extend v to (— 7r, n) n x (0, T) in such a way that i> is an odd function of Xi for each 
i = 1, n, and extend the initial state vq in a similar way. Then w solves (|l0|). Writing «o = X^feez™ c k£ lk x , 
we have that 

Vv(a;,t) = 51 ic*^*-*-'*'^*:. 



7 



It follows then from (|12|) that 



3=1 feGZ" 
n „T 



< c£ / / | 2 c^*'*" l fe l "W'dxdt 

3=1 ^° feGZ" 

c / / |Vd 2 etedt. 



The lemma is proved. ■ 

Step 2. We use the multiplier method to reduce the boundary observation inequality to an internal observa- 
tion inequality. Without loss of generality, we may assume that To is a (small) neighborhood of the vertex 
M = (it, ...,tt) defined as 

r = {x G dft; x\ H h x n > nir — e}, 

where e is a (possibly small) positive number. The following lemma is needed. 

Lemma 2.7 There exists a nonnegative function 9 G C 3 (R") which is null on {x G R"; x\ < 0} and strictly 
convex on (0, +oo)" H -Bi(O). 



Proof of Lemma 2.1. Set ?/ + = max(j/, 0) for all y G R. Let 

0(x 1 ,..., a;n ) = (x+) 4 (l + ^(x+) 4 ) 

3=2 

where 5 > is a small number whose value will be specified later. Clearly, 9 is a nonnegative function of 
class C 3 on R", which vanishes on the set {x\ < 0}. To prove that 9 is strictly convex on (0, +oo) n n -Bi(O), 
it is sufficient to check that the Hessian matrix 

H{x)=(^-{x)\ (24) 



\dxidxj / 

is positive definite for every x G (0, +oo) n n £>i(0). Simple computations give that for any £ G R™, 

n n n 

eH(x)d = 12x1(1 + S J2 + 12fe 4 Y, + 32fe?Ci J2 x fe ' 

3=2 3=2 3=2 

From Young inequality, we obtain that 

32|a?3$&&| < 26s?z4^ + lOa^c 2 ^ 2 , 

therefore 

n 

£, T H{x)£ > (12 - 26(n - l)<5)x?£? + 25x 4 ^ z 2 ^ 2 > c |^a ( 25 ) 

3=2 

if x G (0,+oo)"ny3i(0) and 5 < (6/13)(n - l)" 1 . ■ 



At this position, we need an identity from 37 



Lemma 2.8 J5^ ; Lemma 2.2] For any q G if 2 (f2,R n ) and any solution v of ( pi] ) issued from vq G i?o(f2), 
i£ /iota's 



1 

2 Jo 



T /. q_. 2 



(g-i/) 
an 



dv 



dadt = -Im / (vq ■ \7v)dx\Q 



-i Re f [ (vV(div q) ■ Vv)dxdt + Re / / E F^F^F""' ( 26 ) 
2 Jo Jo Jo Jo ■ fc=1 v x j uxk oxj 



s 



Let 



u = {x G Q; Xi + • • • + x n > nir — e}. 



We readily infer from Lemma 2.7 that there exists a convex function 9 G C 3 (fl) which is strictly convex on 
ui and null on Q \ u. Using (|26D with q = V# we obtain 



Vv(x) T H(x)Vv(x) dxdt < c 



dv 
dv~ 



dadt + Cs / \v \ dx + S / \Vv \ dx 



(27) 



where S > is a small number and H(x) denotes the Hessian matrix given in (Q). In (pTj), we used the fact 
that both quantities ||^(i)||z, 3 (n) an d I |Vu(i)| L 2 (n) are conserved. Using Lemma 2.6 and the fact that the 
Hessian matrix H (x) = (d 2 9 /dxidxj)(x) is positive definite on cj, we obtain 



|Vwo| 



L 2 {{1) 





dv 






dv 


dadt + C's / 


Jo Jr 


Jn 



(28) 



for a convenient choice of S. The proof of the estimate 



NIIl 2 (£"2) 



< C 



-To 



dv 
dv 



dadt 



(29) 



is classical (see e.g. |37|, pp. 27-28]). Then (|22|) follows from (28)-(29). This completes the proof of Propo- 
sition 2.5 and of Theorem 2.4. ■ 



Remark 2.9 (i) Theorem 2.4 is stated for a square £1 — (0,7r) n , but it is valid (with the same proof) for 
any rectangle fi = (0, Zj.) X • • • X (0, l n ). 

(ii) Using a frequential criterion and number theoretic arguments, Ramdani et al. proved that when 

n = 2. Lo C dtt is a Dirichlet control domain if and only if Tq has both a horizontal and a vertical 
components. It is however unclear whether the approach in UAj can yield a similar result for n > 3. 



(Hi) Using Theorem 2.i on a rectangle O = (— l,7r) x (0, 7r)™ _1 with a control input supported in 

and next taking the restriction to Q, we infer that the linear Schrddinger equation is controllable in 
L 2 (Tl) with a control supported on a side. (This fact can also be deduced from the Carleman inequalities 
established in This suggests that the condition for a domain to be a Dirichlet control domain is 

less restrictive when the state space is smoothed. 



We now aim to extend Theorem [2.4| to a control result in a space H S (Q), with s > —1. We dchnc 
_ff|)(f2) = D(Ap), where Arj is the Dirichlet Laplacian; i.e., Aqu — —Am with domain D(Ar>) = H 2 {yi) n 
i?o(£l) C L 2 (VL). We first need to replace the characteristic function lr by a smooth controller function 
g G L°°(dn). We adopt the following 

Definition 2.10 Let g G L°°(dH,). We say that g is a smooth Dirichlet controller if 
(i) there exists a constant C > such that 



T r a 2 



l|V«o||Li {n) < C I I g(x) 



dv 
dv 



>o Jan 

for any solution v of emanating from vq G Hq(Q) at t = 
(i) for any face F of Oil, gF = g\ F G C°°(F) and for all k > 



dadt (30) 



dv 



2/c+l 



on dF. (31) 



Note that for any nonempty open set Lo G dQ one can construct a smooth Dirichlet controller g supported 
in Lo. Consider for example a small neighborhood Lo = [0, e] n n cM! of in dil. A smooth Dirichlet controller 
g supported in Lo is given by 

n 

g(xx,...,x n ) = Y[p(xi) 
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where p £ C°°(R) fulfills 

P[S> \ if s > §. 

Note also that g £ C (cK7) and that the set {x £ 90; (/(a;) > 0} is an open neighborhood of in dil. 

Let g be a smooth Dirichlet controller, and let S denote the bounded operator Hq(£1) —> defined 
by Svq — u{T), where u = u(x,t) solves 

iu t + Au = inOx (0, T) 

u = g(x)h(x, t) on dVt x (0, T) (32) 

u(0) = 

with h(x,t) = (dv/di/)(x,t), v = Woit)vo denoting the solution of 

iv t + Av = Q in n x (0, T) 

v = ondrtx(0,T) (33) 

v(0)=v . 

Applying HUM, we infer from the observability inequality ( pp| ) that S is invertible. We shall prove that a 
similar result holds in more regular spaces. 

Theorem 2.11 Pick any number s £ [—1, Then S is an isomorphism from H^~ 2 (tt) onto H^(Q). More 
precisely, for any T > and any ut £ Hfj(Q), if we set h(x,t) — (dv/dv)(x,t) where v denotes the solution 
of (||) with v = S- 1 u T , then v £ H S j+ 2 {fl), h £ H^ (0, T; L 2 (d£l)), and the solution u of © satisfies 
ueC([0,T};H s D {Q)) andu{T) = u T . 

Proof. Step 1. Let us first check that S~ x is a bounded operator from Hf-,(Q) into H^~ 2 (fl) for s £ [— 1, |). 
The result is already known for s = — 1. Assume first that — 1 < s < 0, and pick any ut £ Hp (CI) 
decomposed as 

ut(x) = ^ u t,p sin(piaci) • • • sin(p n x„), 
P e(N*)« 

with X) P G(N*)" bl 2s l M i>| 2 < oo. Let v n = S~ 1 (tit) £ H D (Q) decomposed as 

y a(x) = E VpSin(piXi) ■ ■ ■sxn(p n x n ), (34) 

p€(n*)» 



and let v denote the solution of (|33|). The control given by HUM driving (|32|) from to ut reads 

,d_ 
dv 



h(x, t) ;= dv/dv = ^ v p e~ tM t — (sin(pixi) • • • sm(p n x n )). (35) 



P e(N*)' 1 

Let us write the solution u = u(x,t) of d33) in the form 



i(x,t) = ^ u P (t)sm(p 1 x 1 )---sin(p n x n ). (36) 

P e(N*)™ 



The moments {itp(i)}pe(N*)™ can be computed from the control input h by using duality. Scaling in ( |32| ) by 
w, where w — Woifyuio is a smooth solution, we obtain 

dw 



i l u(x,t)w(x,t) dx = I I g(x)h(x, t)— — da(x)dt. 
Jn Jo Jan ov 

Pick any q £ (N*) n and choose wo(x) = sin(qixi) • ■ ■ sm(q n x n ). We obtain from (|3^ ) that 

(^T^ Aq?t u q {t) =!! g(x)h(x,t)e^ 2i ^(sm(q 1 x 1 )--- S m(q n x n ))do-(x)dt 
1 Jo Jan av 



E -4 



f d d 
x g(x) — (sm(p 1 x 1 ) ■ ■ ■ sin(p n x n )) — (sm(q 1 x 1 ) ■ ■ ■ sm(q n x n ))da(x). (37) 

Jan dl/ dv 
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It follows that for t = T 



S(v ) = u T = u(T) = a q , p Vp J sin(giafi) • • • wa(q n x n ) 

g e(N*)" \pe(N*)" 



(38) 



with 



2 e -AvVT _ e -i\q\ T r o o 

a q , v = -(-) n 1^775 / g(x) — (8ia(pixi)---sm(p n x n )) — (sin(qixi)---sm(q n x n ))da(x). (39) 



■7T' M 2 - H 2 Jan^^'dv 
In (jH), we used the convention that 

e -i|p| 2 * _ e -*kl 2 t 



M 2 - bl 2 

Introduce the operator _D CT dehned by 



^ite^H 2 ' for |p| = |g|. 



(40) 



■D* 7 X! c p sin(pizi) ■■ -sin(p n a;„) = H* 7 ^ sin(pixi) • • • sin(p„x„). 

\pe(N»)« / P e(N*)« 

In what follows, J2 P an< ^ S wn ^ stand for X) p g(n*')" anc ^ S e(N*)™' respectively. We aim to prove that 



w 6 H s j+ 2 (n) for m t S fff,(0). For v given by @, let 

IMI* = £bl 2 >p| 2 . 

p 

C denoting a constant varying from line to line, we have that 

< C||S'(D-+ 1 « b )||_ 1 

< C(\\I^ 1 (Sv )\\- 1 + \\[S,D a+1 ]v \\- 1 ) 

< C(|b T || s + ||[5,^ s +>o||-i). 

Clearly 



(41) 



9 \ P 



M ) u p sin(gixi) • • • sm(q n x n ), 



hence 

q p 

Writing c?Sl = Uo<l<2 n -iFl, where the Fi's denote the faces of f2, the integral term in (|39| ) may be written 

Eo<I<2»-l J fn with 

f d d 
Ifi '■= I 0(2:) — (sin(pixi) •• -sin (p„a;„)) — (sin(giXi) ■■ ■ sm(q n x n ))d<r(x). 
Jf, ov dv 

Let us estimate I Fl for F := {x E dfl;x n = 0} = [O,^]"" 1 x {0}. Then 

n-l 



Pnq-n 



PnQn 



/ g(xi, ...,x„_i,0)[TT wo.{pjXj)wo.{q^Xj)]dxi ■ ••dx n . 

f n ~ X 1 

/ g(a?i,...,x n _i,0)[TT -(cos(p 3 - - ~ cos(pj + g^)x.,-)]<fcci • --dxn-i 



Using (|3l| ) and integrations by parts, we see that for every k G N, we have for some constant Ck > 

n-l 



(42) 
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The corresponding contribution in \\[S, D s+1 ]vq\\ 2 , 1 is therefore estimated by 

(n-i 
E^dlfe - ^y k )(\i\ 2 - wv'ibr 1 - m s+1 ii% 
P 3=1 

Since 

lbl s+1 -kl s+1 l < r \\p\-\q\\(\p\ s + \q\ s ) < r bl s + kl s 
<M 2 -H 2 ) - (|#-bl 2 > " bl + M 

we have by Cauchy-Schwarz 

q p j=l 

<- ^(E^nfe-,,>-')-(wn>-,>-") («> 

Pick any k > 1. Then, as s < 0, if we choose fc > 1 

|„|2s i |„|2s „2s i „2s ™-l 



(\p\ + \q\) 2 11 W ^ (p„ + -7„) 2 



Therefore 



\-k 



a Fo < c Yi E^N 2 n^-?i)" 

gi,...,g„_i p j=l 
n-1 

p gi,...,q„_i j = l 

< <75>lV a 



up I 

P 



The estimate for another face i 7 ; is similar. We conclude that 

ll^+Vollii^ C\\vo\\l <C|KI|ii 

hence, with ©, u G #|j +2 (n). Let us now assume that 6 Hfi(fl) with < s < |. The proof is carried 
out as above when — 1 < s < 0, except for the estimate of Ap a in (|4^). We know from the lines above that 
vq G Hjjifl) for any <r < 2. Then, by Cauchy-Schwarz inequality, 

(1 2s I I 1 2s n — 1 \ / n .1 

E ^w brl n<» - ) ( X>»ww 2 life - <z,->- fc 

Note that 

E (E H- 1 Sto - *>- fc ) * + * 2 + &) 
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where 



* = E E 



Since 2s - 1< 0, 



Also, 



H 2 



„ (IpI + M)% , 



5 2 = 



5, = 



ElE^ftV,) 



(IpI + M) 2 



pfr 1 " 1 



-A- 



-A 



-k 



where g = (q',q n ). 



]^[ (p.j — 9j) fe < consi < oo. 



Finally, 



It follows that 



Note that 



since, for k > 2s + 1, 



2s„-l 



<?„ P 



' (pn + g«) 2 1 , 



< 



< 



C EE 



2s —1 

(p n + g™) 2 



C E 



Pn 



Pn(Pn + 1) 



1 Pn(Pn+x) : 



-dx 



V p»>i Jo 

< const < oo. 



9n P J = l 



2.s 



gi,...,g„_i 



8l> — >9n-l 



i=i 



8j 

(Split the sum into one for qj < 2pj, and another one for qj > 2pj.) Therefore, since < s < 1/2, 

A Fo < c£ H 3+2s M 2 = IM| 2 +i < C\\u T \\l_ h . (45) 



Thus, we have proved that S 1 is bounded from H S D {Q) into H^ 2 (Q) for — 1 < s < |. Note that, for 
u G ^ +2 (r!), ft G H^(T;L 2 (dn)) by (§§. 

5iep 2. Since 5 is an isomorphism from Hjj(fl) onto it remains to prove that S maps H^~ 2 (fl) 

into iJf)(f2). The proof of Theorem 2.11 will thus be complete with the following result. 
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Proposition 2.12 Let s G [-1, §) and T > 0. For any v a G H"^ 2 (Vt) , let u = Tv$ denote the solution of 
([32|) associated with h — dv/dv, where v(t) — Wo[t)vo. Then Y is a bounded operator from H S p 2 (£l) into 
C([0,T];H* D (n)). 



Proof of Proposition 2.H. It is well known that for any h G L 2 (0, T; £ 2 (<917)), there exists a unique solution 
u G C([0, T]; in the transposition sense of (|32] ) (see e.g. j$7|). The result is therefore true for 

s = — 1. Let us now assume that s G (— 1, 1/2). From Step 1, we know that u is given by 

/2\" ^ / e -*H 2 * _ e -%r* 1 
«(*) = -(-) 2^ 2^ u p 1 , 2 _ 1 , 2 I{g,P,q) ) sin(gixi) • • -sin(g„a; n ) (46) 

where 

f d d 

I(g,P,q)= / g(x) — (sm(p 1 x 1 ) ■ ■ ■sin(p n x n )) — (sin(q 1 x 1 ) ■ ■ -sm(q n x n ))da(x). (47) 
Jan w ov 



Again I(g,p, q) — J2o<i<2 n -i > wnere the Fi's denote the faces of 17 and Ip t is given in (|37|). We have that 
||r«olU«>(o,T;H*(n)) = ll- Da+1 ( r Vo)|| i oo( Q>T;iT -i(n)) 

< l|rp s+1 «o)ll i0 o (0jT;ff - 1(f2)) + ll[r,^ s+ >oll L o. (0 , T;ff - 1( a))- 

Since 

[|r(D-+ 1 ^)|| zoo(0fT . ff - 1(n)) < ch^+^oIIi < c|MU +2 , 

it remains to estimate the commutator [V , D s+1 ]vq. Clearly 

([r,^+> )(*) = -(^yW £ ^ Z (e- lM2t - e~^ 2t )I( 9 ,P, q) ) f[ sin(q 3 x 3 ). (48) 

The contribution in ||([r, £> s+1 ]w )(0ll-i due to F = {x € <917; x n = 0} is estimated with @ by 

^ | P | + | g | /; " 1 1 '■' '1 1 

p;bl#l?l m j'=i 



Therefore, using the estimation of the r.h.s. of (44) in fl4q), we conclude that for s < 1/2 

Bf <C\\v \\ 2 s+ s, 
the constant C being uniform in t G [0, T]. Therefore 

||[r ) i>' +1 ]«o|| 2;< » (0jT . ir - 1(n)) <c|MU+2- 

Thus, we have proved that 

HU°°(o,T;H»,(n)) < C|l u o||^+2 (n) - (49) 

Since u G C([0, T];iT^ 1 (0)), we conclude that u G C w ([0, T}; Hfj(Cl)). If we pick s G (s,l/2) and 
v G fl|+ 2 (17), the corresponding solution fi belongs to C w ([0, ,Th #1,(0)), hence to C([0, T]; H s D (ty), the 
embedding H^(Q) C Hp(Q) being compact. It follows from ( f49[ ) combined to the density of -Hj^ +2 (17) in 
H S j+ 2 (Q) that u G C([0,T];#f,(17)) for w G H S j+ 2 (Q). In particular, u(T) G ff^ (17), so that 5 is an iso- 
morphism from H S j^~ 2 (17) onto -fffj (17) . This completes the proof of Proposition 2.12 and of Theorem [2.11 . ■ 
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2.2.2 Neumann boundary control 

We adopt the following definition. 

Definition 2.13 The open set Tq C dft is called a Neumann control domain if given any uq, u\ G L 2 (Q) 
and any time T > 0, one may find a control h G L 2 (0, T; i 2 (ro)) such that the solution u = u(x, t) of 



iu t + A.u = 
u{0) = u 



infix (0,T) 
on an x (0,T) 



(50) 



satisfies u(T) = u\. 

The following result provides Neumann control domains in any dimension n > 2. 

Proposition 2.14 Let fi = (0,7r) n , and let T$ C <9fi &e a side o/fi. TTien To is a Neumann control domain. 

Proof. Assume e.g. that To = {0} x (0, 7r)™ _1 . By Dolecki- Russell criterion, we only have to check the 
following observability inequality 



Nllz,2(n) 



< C 



where vq is any function in L 2 (Tt) and v — v(x,t) solves 

ivt + Au = 







\v(x, t)\ 2 dadt 



infix (0,T) 
on dfi x (0, T) 



(51) 



(52) 



v(Q) = v Q . 



Expanding v a as 



Vo(x) = c fc cos(fcixi) • • • cos(fc„x„), 

feSN™ 

then the corresponding solution v(x, t) reads 

v(x,t) = ^ cfce _l ' fc ' 4 cos(fcia;i) • • • cos(k n x n ). 



feet 



It follows that 

pT 



n 



t)\ 2 do~dt 



/ / I E Cfce * cos ( fc 2a;2) • • • cos(fc„x„)| 2 da;2 • ■ ■ dx n dt 

Jo •/(o.t)"- 1 teN " 



E 



,fc„>0 



^ c k e 

fci>0 



ifcf * 



feer 



where we used the orthogonality of the functions cos(fc2^2) ■ • ■ cos{k n x n ) in L 2 (Tq) and Ingham's lemma. 



We now aim to extend Proposition 2.14 to a control result in a space H S (Q), s > 0. We define ffjy(fi) = 
.D(yljy), where ^4jv is the Neumann Laplacian (i.e. A^u = u — Am with D{A^) = {u G ff 2 (fi), du/dv 
on 5fi} C i 2 (fi)). A result similar to Theorem 2.11 may be obtained along the same lines. We limit 
ourselves to giving a weaker result with a very short proof. 

Theorem 2.15 Let T$ be a Neumann control domain, T = 2tt, s G [0, 1) and uq, u\ G /fjy(fi). TTien f/iere 
exists a control input h G _ff ' (T; i 2 (5fi)) sttc/i i/iai i/ie solution u of ( |50"| ) satisfies u(T) = u\. 

Proof. Without loss of generality, we may assume that uq = 0. A direct computation shows that for any 
(smooth) solution u of (M) emanating from uq — and any (smooth) solution v of (p2), it holds 



i / u(x,T)v(x,T) dx — — / / lr h(x,t)vd<rdt. 
Jn Jo J on 



(53) 
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As usual, for any h £ L 2 (0, T; L 2 (dtt)), the solution u £ C([0, T];L 2 (il)) of © is denned by 

i(u(t),«(t)) L 2 (n) = -(/i,lr u) L2(0jt;i2(aa )), Vi G [Q,T], V« e L 2 (fi) (54) 



where solves (p2|). 

Claim 1. If v £ H^ s (n) for some s£l, then u e H~% (T; L 2 (<9fi)). 
Indeed, if we write t>o = SfceN" Ck cos(fcixi) • • • cos(fc„a; n ) and 

= Cfee _l ' fc ' * cos(fcixi) • • • cos(fc„x„) 

then we have that 



Mlrt T , M ) - E(! + WT S M 2 - INI* w (55) 



A- 



We may rewrite (53) in the form 

i(u(T),v(T)) H ^ H - s = —(h, lr v) H % (r-,L*{dn)),H-$ (T ; L 2 (3n))' ( 56 ) 

Note that u £ C([0, T]; H^(ft)) if < s < 1. It remains to establish the following 

Claim 2. (Observability inequality) The following estimate holds for the solutions of (|52|): 

If ( j57|) is not true, one can construct a sequence {vj} such that 

il|lro«ill^f (T;i2(9n)) < 11^(0)11^=1. (58) 
Let Wj = (1 — d 2 ) p 4 «j, where for any a £ R 

(l-9 t 2 )^Qe itt = ^(l + |Z| 2 r C! e at . 

zez iez 

Then u>j solves ( p2| ) with w;j(0) substituted to «o 5 and from ( p8[ ) we obtain 

lr Wi^O in L 2 (T; L 2 {dfl)). (59) 
As To is a Neumann control domain, we infer that Wj(0) — > in L 2 (ft), hence 

wj -> in L 2 (T;L 2 (an)). 

This gives 

-> in iJ"*(T ;J L 2 (afi)). 

Using (55), we infer that Vj(0) — > in H^ s (n), which contradicts d5g|). This completes the proof of Theorem 



2.15 



3 Nonlinear systems 
3.1 Internal control 

In this section we consider the following nonlinear control system 

iu t + Au + N(u) = iGh = ia{x)h{x, t), x £ T™, t > 0, 

(60) 

u{x, 0) = <j)(x), 
where a £ C°°(T™), and the nonlinearity N(u) reads 

N(u) = Xu ai u a2 , ai + a 2 =: a + 1 > 2, (61) 
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with A 6 R, and a, a 1 ,a 2 G N. Note that for any a = 2(3 G 2N*, |u| Q u = u^ +1 u fj . 
We introduce the number 

2-1 ifa = l, 

f-!-i(^T) if « = 2 - (62) 
§-| if a >3. 

Thus s Q! „ = s c := 2 — £ (the critical Sobolev exponent obtained by scaling in NLS) for a > 3, while 
s a ,n > s c for a = 1, 2 (except for n = a — 2 where s 2 .2 = s c — 0). 

By Corollary 3J5 (see below), the system ( |60|) is locally well-posed in the space H s (T n ) for a > 1 and 
s > Sq ,„ with G H s (T n ) and ft G £ 2 oc (R, H S (T™))- 

Our main concern is its exact controllability in the space H s (T n ). 

Theorem 3.1 For given n > 2, ai, a 2 G N Witt a\ + a 2 —'■ a + 1 > 2, and a ^ 0, £/ie system ( p?Z[ ) is locally 
exactly controllable in the space H s (T n ) for any s > s atn . More precisely, for any given T > 0, there exists 
a number 5 > depending on a, n, T and A such that if <f>, tp G i/ s (T") satisfy 

H\\ s <5, H\\s<s, 

then one can choose a control input h G L 2 (0, T; fP(T™)) smc/i i/iaf £/ie system ( jo7| ) admits a solution 
u G C([0,T];H s (T 1 )) satisfying 

u(x,0) = (f>(x), u(x, T) = ip(x). 
The system ( |60| ) can be rewritten in its equivalent integral form 

u(t) = W(t)4> + i [ W(t~T)(N(u)(T))dT+ [ W(t - T)[Gh)(T)dT. (63) 
Jo Jo 

To prove Theorem [3.11 , a smoothing property is needed for the operator from / to it, where 

u(t) = [ W(t- T)f(r)dr. 
Jo 

This needed smoothing property was provided in Bourgain's work [^], ^| where he dealt with the Cauchy 
problem for the periodic Schrodinger equation. 

For given s, b G R, the Bourgain space X Sj b is the space of functions u : T" x R — > C for which the norm 



is finite. Decomposing u as 



we have that 



IMk.b = \\w{-t)u(.,t)\\ H b (Hi) 

l(x,t)= V / u{k,T)e li - k - x+Tt ^dT 



^ / (r+lfcl 2 ) 26 ^) 2 '!^^)! 2 ^ 
where (y) := (1 + |y| 2 )^- For given T > 0, Xj b is the restriction norm space 

Xjfi = {"|T"x(0,T); U G X s ,b} 

with the restriction norm 

W U \\xf b = inI {ll«IU s , b ;w G X s>b) «| T "x(0,T) = 

Before we proceed to show the exact controllability results, we present the two following technical lemmas 
(see e.g. pd|) which play important roles in the proof of Theorem EOT. 



Lemma 3.2 For given T > and s, b G R, £/iere exists a constant C > swc/i i/iai 

||w(t)0||^ b < c||0iu 

/or any G H s (T n ). 
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Lemma 3.3 For given T > 0, b > 1/2, and s£l, there exists a constant C > such that 



W(t - r)/(r)dr 



<C||/|| x x 



x 1 



for any f G X£ 6 _ x . 

The following multilinear estimate is crucial when applying the contraction mapping theorem. 

Proposition 3.4 Let n > 2, a G N* and s > s a , n . Then there exist some numbers b G (0, h) and C > 
such that 

a+l a+l 

II n>H^.-o ^ C Ii INI*.,* Vui,...,u a+ iGJC a , 6 , (64) 

i=l i=l 

where Ui denotes Ui or ul. 

Corollary 3.5 Let n > 2, a G N*, and s > s a , n . Pic* u G ff s (T n ) and ft, G X s , = L 2 (R; H s (T 1 )) . Then 
there exist two numbers b> \ and T — T{\\uq\\h=(t^), ||ft||x s ) 80 that the initial-value problem ( |60| ) admits 
a unique solution u G Xj b . 

Remark 3.6 Proposition \3.\ , which is proved in Appendix for the sake of completeness, is essentially due 
to Bourgain. It was proved in j^j when a = n = 2, and in jg/ in Besov-type spaces when s > Sb, where 



3 C ifn = 2, 

s b = { max(s c , |) ifn = 3, 

max(s c , ifn>A. 



(65) 



Notice that s& > s c only for (a, n) G {(2, 3), (2, 4), (2, 5), (3, 4)}. The corresponding values of sj, s c and s a n 
are reported in Table On the other hand, Sb = s c < s Q . n for a = 2 and n > 6. Sharp results for the 



(a,n) 


(2,3) 


(2,4) 


(2,5) 


(3,4) 


Sb 


3 


3 


5 


3 


4 


2 


3 


2 




5 


7 


27 


4 


Sa,n 


8 


6 


16 


3 


Sc 


1 

2 


1 


3 
2 


4 
3 



Table 1: s b , s a , n and s c for (a,n) G {(2, 3), (2, 4), (2, 5), (3, 4)} 



local well-posedness of NLS on T" are afao given in \2g ] for a = n = 1, and in for {ot\, ot^) — (0, 2) and 
2 < n < 4. 



It follows at once from Proposition 3.4 that for any T > 0, s > s at „, and some b > 1/2, b' > b — 1 we 
have 

\\N(v) - N(w)\\ xT < C(\\v\\° T + \\w\\°t )\\v - w\\ xT Vv, w G X? b . 



We are now in a position to give a proof of Theorem 3.1 
Proof of Theorem 



3.1 



Set 



By Theorem 2.2, if we choose 



u(v,T)=i W{T -t)N(v)(t)<1t. 
Jo 

fc = $(^-w(v,T)), 
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then 



W(t)<j>+ / W(t-T)(iN(v) + G<P{<j),i;~u}(v,T))(T)dT 
Jo 

<j>(x) in T" when t = 0; 

ip(x) — uj(v, T) + u(y, T) = ip(x) in T™, when t = T. 
It suggests us to consider the nonlinear map: 

T{v) = W{t)4> + i [ W{t-r) (iN(v) + G§{4>, tp - u)(v, T)) (r)dr. 



The proof would be complete if we can show that this map T has a fixed point in the space Xj b , with 

To this end, note that by using Lemma 3.2, Lemma 3.3 and Proposition 3.4, there exist a number 
b G (|, 1) and some constants Cj, j = 1, 2, 3 such that 

a + l 



\\nv)\\ X T < & (u\u + w\. + \Mv,t)\\.) + c 2 \\v\\ a x + T 



for any v £ Xj b and 



l|r(«l) - r(v2)\\xl b ^ C lM V l> T ) ~ "(V2,T)\\ S + C 3 (\\vi\\xT b + \\v2\\ X T b ) \\ Vl - V 2 \\ x r b 

for any Vx,v 2 6 Xj b . Note that there exists a constant C4 > such that 

\Hv,T)\\ s < II /V(*-r)JV(«)(r)dr|| C ([o,Tl i H.(T»)) 
Jo 

< co?ist|| / W(i - r)7V(w)(r)dr|| x r 
■/o 



Similarly 

Hw^x.T) - wfa.TJH, < C 5 (ihH^ + \\v2\\ xTb ) \\vi - vail 
As a result, by increasing the constants C 2 and C3, we obtain 



XT,- 



for any u £ Xj b and 



||r( w )|| XJb <c 1 (||0|| s + ||^|| s ) + c 2 || w ||«+ 1 



l|r(«0 - i> 2 )|| x . 6 < c 3 (iNI^ + INI^J - mil 



XT, 



for any v u v 2 G Xj b . Pick <5 > 0, 0,V> G F^T") with ||^|| 



< 6, and set M = 2C x b. If |M| x t < M 



and 



then 



as long as 



\\v 3 \\ X T b <M, j = 1,2, 

iroilx^ < Ci<5 + C 2 M a+1 
< 2d<5 = M 

C 2 M a < 
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Choose S > so that M = 2dS fulfills 

C 2 M a < i and C 3 M a < ^ 

and let Bm be the ball in the space Xj b centered at the origin of radius M. For given <f>, ip £ H s (T n ) with 
II^IU + IK'lls < S, we have 

||r( v )|| X T b <m 

for any i> G Bm and 

for any V\,1)2 6 -Bm- That is to say, T is a contraction in the ball Bm- The proof is complete. ■ 

Let us now consider the Schrodinger equation posed on a cube fl = (0, n) n 

iu t + Au + N{u) = ia(x)h(x,t), x G Q, t G (0, T) (66) 
with either the homogeneous Dirichlet boundary conditions 

u(x, t) = (x, tjefflx (0, T) (67) 
or the homogeneous Neumann boundary conditions 

— (x, t) = (x, tjeffix (0, T). (68) 

The nonlinearity N(u) is still as in (|6l|). 

It is remarkable that internal control results with Dirichlet (resp. Neumann) homogeneous boundary 
conditions can be deduced from those already proved for periodic boundary conditions. 

Corollary 3.7 For given n > 2, a±, as G N with u\ + a 2 a + 1 > 2 and a even, and a ^ 0, the system 
is locally exactly controllable in the space if|j(0) for any s > s Q , n . More precisely, for any given 
T > 0, there exists a number 5 > depending on a, n, T and A such that if <f>, ijj G £[^(£1) satisfy 

Mhkci) < 5, HUna) < S, 

then one can choose a control input h £ L 2 (0, T; Hfj(£l)) such that the system admits a solution 

u G C([0, T];H S D {VL)) satisfying 

u(x, 0) = 4>{x), u(x,T) = ip(x). 



Corollary 3.8 For given n > 2, an, a 2 6 N with a.\ + a 2 =: a + 1 > 2 and a ^ 0, the system (\6q)-(pq) is 
locally exactly controllable in the space Hff{£l) for any s > s Q . n . More precisely, for any given T > 0, there 
exists a number S > depending on a, n, T and A such that if <f>, ip G Hfj(Q) satisfy 

11011^(0) - S ' IHIff^o) < 8, 

then one can choose a control input h G L 2 (0, T; Hf^(iYj) such that the system ^d[)-^3j) admits a solution 
u G C([0, T];H S N {Q)) satisfying 

u{x, 0) = 4>{x), u(x,T) = ip(x). 

We shall say that a function from (— tt, 7r)™ to C is odd (resp. even), if it is odd with respect to each coordinate 
Xi, 1 < i < n. The proof relies on the basic, but crucial observation that the functions in £[^(£1) (resp. 
Hff(Q,)) coincide with the restrictions to f2 of the functions in H s (T n ) which are odd (resp. even). The 
issue is therefore reduced to an extension of Theorem 3.1 in the framework of odd (resp. even) functions 
in H s (T n ). Extending the function a in ([36]) to T" as an even function, we notice that the control input 
h in Theorem 2J2 can be chosen odd (resp. even) if the functions <j>,i/) are odd (resp. even). Indeed, the 
observability inequality holds as well in the subspaces 

H & odd ^ n ) = {«£^(n u(x 1 ,...,x i - 1 ,-x i ,x i+1 ,...,x n ) = -u(x) VxGTP, Vz}, 
H s even {T n ) = {uGH;(T n ); u(x 1 ,...,x i - u -x i ,x i+u ...,x n )=u{x) Vx G T", Vi} 

of H s (T n ) for s < 0. On the other hand, since u and N(u) are simultaneously odd (resp. even), we see that 
the contraction m appi ng the orem can be applied in a space of odd (resp. even) trajectories to derive the 
result in Corollary 3/7 (resp. |3.8| ). Full details are provided in |l6| for n = 1. 



20 



3.2 Boundary control 

In this section we consider the Schrodinger equation posed on a rectangle Q = (0, h) X • • • X (0, l n ) 

iu t + Au + N(u) = 0, x E ft, t E (0, T) (69) 

with cither the Dirichlet boundary conditions 

u(x, t) = l To h(x, t) 0; t) Edflx (0, T) (70) 

or the Neumann boundary conditions 

Ou 

— {x,t)=l Vo h{x,t) {x,t)edQx(0,T). (71) 
av 



When we shall consider a smooth Dirichlet controller g, then the boundary condition (70) will be replaced 

by 

u(x,t) = g(x)h(x,t) (x,t) E dQ x (0,T). (72) 

N(u) still stands for the nonlinear term in NLS. We first give a result (with a small control region) 
providing precise informations on the smoothness of the control input and of the trajectories when N(u) is 
weakly nonlinear. To simplify the exposition, we assume here that 

n = (o,tt)". 

We denote by u — Wo(t)uQ the solution of ( |20| ) for h = 0. For given s, b E M, X S ^(Q) denotes the Bourgain 
space of functions u : ft x M. —> C for which the norm 

HU 8 ,i,(fi) = c\\W D (-t)u(.,t)\\ Hl , {R . H s D{n)) 

is finite. Decomposing u as 

»(*,*)= £ /^^e-sin^.O-sin^)^ 

we can choose the constant c so that 



\ u \\x s , b (n) 



E /(r+|fc| 2 ) 26 (fc) 2s |u(fc,r)| 2 dr< 



fee(N*) 



The restriction norm space Xj b (fl) is defined in the usual way (see above the definition of Xj, b ). For 
u E H S D {^1) given, we denote by u its odd extension to T" = (— 7r,7r) n ; i.e., u\(o,ir)™ = u, and u is odd with 
respect to each coordinate Xj. Note that u E H s (T n ) and \\u\\ s ~ IMIffj^si)- Defining u(.,t) from u(.,t) in 
a similar way, we observe that 



| x r ~ \ \U\\ x t {n) . 



It is then clear that Lemmas 3.2 and 3.3 hold true with Woif), H^(Vl) and Xj b (il) substituted to W(t), 
H s (T n ) and X^ b , respectively. We shall assume that the nonlinear term N(u) satisfies the following multi- 
linear estimate 

ll-W(u) — N(v)\\x sb , (o) < c(u,v) \\u - v\\ Xs b (n) (73) 

where s E R, — 1/ 2 < b' < b < b' + 1 and c(u, v) -s> as u -> 0, u -4 in X S] (,(f2). 
Theorem 2.11 can be extended to a semilinear context as follows. 

Theorem 3.9 Let g be a smooth Dirichlet controller, and let the nonlinearity N(u) satisfy j6l| ) and ( f73|) 
with s E [—1, t;), b > and s + 26 < i. Picfc any T > 0. TTien i/iere exists S > swc/i t/iai /or any 
uq,ut E iJ|,(57) satisfying 

||"0||fff,(O) < ||WT||ff£,(fi) < 5 



one may find a control input h E H 2 (T; L 2 (<9il)) and a solution u E C([0, T]; H S D {Q)) r\X^ b of ( |69| ) and 
([72]) sitc/i i/iai w(0) = wq and u(T) = ut- 
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Proof. For ut £ Hfj(Q), let /i be the control given by HUM which steers (|32j ) from to Ut, namely h = 
dv/dv with v = W D {t)v Q and v Q = S^Ut £ H s + 2 {VL) (cf. Theorem jUl]) . Recall that h £ (T; L 2 (dil)) 
by (j35|). We set u = Aut = TS^ 1 ^. The regularity of u is depicted in the following proposition. 

Proposition 3.10 Assume that — 1 < s < 1/2 and s + 2b < 1/2. Then A maps continuously Hf-,(Q) into 

c([o,T] ; ^(ii))ni s T t (n). 

Proof of Proposition 3.1(\ . It follows from Proposition 2.12 and Theorem 2.11 that A maps continuously 
Hfj(Cl) into C([0,T]; Hf)(£l)). Let us turn our attention to the Bourgain space Xj b (£i). 
Step 1. We prove several claims used thereafter. 
Claim 3. For any 7 > 1/2, it holds 

sup^(A 2 - k 2 )-~< < 00. 
AeR fcez 

In what follows, C denotes a constant independent of A and k which may vary from line to line. Pick A E R + . 
For < A < 1 

(a 2 - k 2 )-* < (k 2 y + (1 - fc 2 )- 7 

and the result is then obvious. For A > 1, we have 



^<A 2 -fc 2 )-^ < cf f X 1 \\ 2 -x 2 \~~<dx+ f 



|A 2 - x'l^dx + I \x z - Y\-<dx + 1 

A+l J 

/ \l-y^ d y + \y 2 -l\~-rdy+l 

Jo Ji+x- 1 , 



< 



CA 1 - 2 ^(A- 1 +^ + 1) if 7^1; 
CA-^lnA + l) if 7 = 1 



and the claim follows. 

Claim 4. If s > — 1, < 5 < 1, s + 25 < 1/2, and k > 1 + 2(s + 1), then for some constant C > 

Write S{p) = S 1 ip) + S 2 ip), where the sum S x ip) is restricted to the q = (q', q n ) with \q'\ > \p\ and |g| 7^ \p\. 
Noticing that \q\ 2 - \p\ 2 = q 2 + \q'\ 2 - \p\ 2 > q 2 for such q, we obtain that 

n-l 

s\ P ) < j2 e +45 - 2 e n ^ - °^ 2s+2 

q-n g' j=l 

To bound S 2 (p), we fix any q' E (N*)"" 1 with |g'| < \p\ and set 



a = Vbl 2 - k'l 2 > i- 

We have that 

„2s+2 / r t2s+2 \ 

E g" < r / dr 4- A 2s + 2 I 

, IsS-A'P'-l " l>-A*|>il* 2 -AT<'-<> + J 

< C(A 2s+4<J_1 • A 2 ~ 4A • InA + A 2s+2 ) 

n-l 



22 



It follows that 

n — 1 7i— 1 

q> j=l 1 = 1 

n-1 

< c( P i^ + e E (p 2 3 - ^r +1 (p, ^r k ) 

3=1 «J>1 
n-1 

3=1 8J>1 

To complete the proof of Claim 4, we need the following 

Claim 5. Let a > and k > a + 1. Then there exists a constant C > such that 



^(m + nnm-n)^ < Cn" 7 Vn > 1. 



m>l 

Split the sum into Si + £ 2 where £1 = Xa< m <3n( m + n) a {m - n)~ k . Note that 

£1 < (4n) ff ^(/)- fc < C(n) ff 
zez 

since fc > 1. On the other hand, noticing that m — n > (m + rt)/2 for m > 3n, we have that 
£2 < E ( 2 ( m ~ "))' T ( m - <C (m- n) _(fc_<7) < C. 

m>3n m>3n 

Claim 5 is proved. Pick > 1 + 2(s + 1) > 1. It follows from Claim 5 that 

Efe + *) s+1 fe - <&r ( *— 1} < c P ° +i . 

Since s + 1 > and pj > 1, we conclude that 

S(p) < C(^+ 2 + (p') s+1 ) < C(p) 2s+2 . 
This completes the proof of Claim 4. 

Step 2. Assume that s < and s + 2b < 1/2, and pick any u T 6 Hr>(&) and any ry e (R) with = 1 
for < t < T. Let vq = S^ur 6 ff|} +2 (f2) be decomposed as in (p4|). Let us prove that u — Aut £ Xj b . It 
is sufficient to prove that 

\\v(t)u\\x 3ib < C\\v \\ H s+2 m . 

Recall that u is given by ([h3|)-([47]), and that u(t) may be defined this way for alH £ R . Again, we can limit 
ourselves to proving that uf G A"J b , where uf is the contribution due to Fq = {x €E dfl; x n — 0} in u. up 
is decomposed as 

g G (N*)" 

where 

/2\" e ~l\p\ 2 t _ e -l\q\ 2 t 

Uq{t) = " U J " p ki 2 - bi 2 /f " 



with the convention (40). ? denoting time Fourier transform, an application of the elementary property 

e lrt T](t)(T) = fj{r — r) 

yields 

— / % f 2 Y ( ^ + H 2 )-^ + M 2 ) r v- . r^/ i 1 2 \ r 

Vu q (r) = - - £ ^ y2-U2 E *V^)(r+l5| 2 )/Fo 

V J \v\\p\*Vt\ m m V\\V\=\1\ 
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For a function w decomposed as 



w(x,t) = ^ w q (t) sm(q!Xx) ■ ■ ■ mn(q n x n ) 



we recall that 

IHIx.. 6 (0)= E / dr{r + \ q \Y b {q) 2s \w q {r) 
Therefore, it is sufficient to check that 

/:= ]T |dr{g) 2s (r + M 2 ) 2fc |^(r)| 2 <c^(p) 

Using (0), we may write 
where 



2s+4i , |2 



<?e(N*)" 



J < c(h +h + h) 



h = J2j dT ^ 2S ( T +\^ 2b ( E \y P tv(t)(r+\q\ 2 )\Pnqnl[{p,-q,r 
' ' \p;H=kl 3=1 



E/^) 2s (-+m 2 ) 26 ( E 

\v\v\+\q\ 



V(r + \q\ 2 ) 



h = 



E/^> 2 >+M 2 n e 

vp;|p|#kl 



' kl 2 -bl 2 

fj(T + \ P \ 2 ) 



n-l 



Pnqn Y[{P] -Qj}' 



P \q\ 2 ~ W 



3=1 
n-l 



Pnqn Y[(P] -QjY 
3=1 



We bound separately I\, li and I 3 . 
1. 



£ < C(J da(af b \tr,(t)(a)\ 2 )J2(Q) 2s Q 2 n ( E l«>» fffe ~ 



\p;bl=|g| i^ 1 

n— 1 \ / n— 1 



< ^E(« E w a ^n<Pi-*>"* E II/', -i ' 

« \p;|p|=|g| i =1 / \p;IpI=H i =1 

where we used successively a change of variables in the integral term, the fact that r/ G <S(R) and Cauchy- 
Schwarz inequality. From 



E Ii<Pi-vr k < E lite-*)-* E * U II E 

d ;IpH<2 3=1 pi, •••,?«-! Vj^ 1 p»;|p|=|g| / i =1 pj 
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we deduce that 



n-l 



p «;M=|p| 3=1 

< c^\v p \ 2 \p\ 2s+4 - 



—k 



vp;IpIt%I 



kl 2 - |p| s 



3=1 



KIV 



II/-, -6 M ( E iM a -wv"IIfa-*>" 

p;IpIt%I 3 =1 
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where we used Cauchy-Schwarz inequality, and 6 > 1/4 was chosen so that s + 26 < 1/2. From Claim 3, we 
obtain that 

n — 1 n—1 

e u 2 -\p\ 2 \- 2s u^-ij)- k <cj:u^-^y k e (\ q \ 2 -\ P \ 2 )- 2s < const. 

pibl^kl 3=1 p' 3=1 p»i|p|^kl 

Therefore, since s < 0, we see that 

I 12 2 n— 1 

i p;bMkl 111 11 1 3=1 

and from Claim 4 

/ 2 <cEm 2 h 2s+4 . 

p 

3. From the elementary estimate 

(r+M 2 ><c(r+|p| 2 )(M 2 -H 2 ) 

we infer that 

9 J \p;bl*kl im Ul ' 3=1 / 

For any fixed 7 > 1, we have that for some constant c > 

(cr) 6 |77(cr)| < c(a)-~< Ver G R. 
Expanding the squared term in ([zl]) results in 

\Vp\ \Vp\pnPn 



h < cj2k) 2s kn\ 2 E E 



IW2 _ | p |2|l-6|| 12 _ |p|2|l-6 

1 p;bl#l«l ftlpl^kl 1 11 m 1 |y| m 1 



n-l 



<Pi - *>~ fe fe - <&>"*) / dr(r + \p\ 2 )- y (r + |p| 2 ) 



3=1 



< ^E( 9 ) 2s i^i 2 E E Wtob* 



\\q\2 _ |„|2|l-b|| 12 _ |p|2|l-6 

9 P;bMkl p;|p|#kl m 1 1 



n-l 

3=1 



where we used the following estimate valid for 7 > 1 (see e.g. |33|, Lemma 7.34]) 

dr(r + nr 7 (r + r 2 >^ < c(r a - r 2 }^. 



Thus 

Since 7 > 1/2, it follows from Claim 3 that 



/ 3 <ce<« E ii^'XiV^ n^--^-)") E Ilfe-*)- fc (bi 2 -bf)- 

p;bMkl 111 11 1 3=1 PilPl^kl 3=1 



n—1 n—1 

E life - %}- fc (w 2 - mr 7 < E life - + \p'\ 2 ~ h 2 >~ 7 < const - 

p j=i pi,...,p„_i i=i p„ 
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Thus 



\Vp\ 2 Pr, 



n-1 



Using Claim 4 and the fact that s 6 [—1,0), we have that 



J2s+2 



2s+4 



Step 3. Assume that s + 2b < 1/2 with s € [0, 1/2). Let Ut, vq, u and r\ be as in Step 2. Then 

IWWk,, < C\\ V D s+1 rvo\\x^ b 

< C (MmD'+^Wx^ + \\v(t)[T,D^]v \\ x _ l!b ) . (75) 

According to Step 2, the first term in the r.h.s. of ([75]) is less than C\ |-D s+1 t>o| |i < C||uo||s+2, for — 1 + 2b < 
1/2. The contribution due to F = {x e dQ; x n — 0} in ||?/(t)[r, Z? s ~*" 1 ] zj> | b is estimated by 



C Fo < E/ dr( q )- 2 (r+\ q \Y b 



where 



E \ 9 1 +1 (V(T + \P\ 2 ) V(r + M 2 ))/, „ 



p;|p|#k 



M 2 - H 2 



4 



4 



n-1 



vp;IpIt%I 



= E/ ^)- 2 <r+| g | 



i=i 

n-1 



2\26 



e mo- + i p i 2 )i ^p|^|g| pnqn n ^ - 



-ft 



Vp;IpMM 



We bound separately I' 2 and Ig. 
1. We have that 



A < C( da{af b \fj(*)\ 2 )Y,{Q)- 2 \>ln\ 2 



\p\ s + \q\ s n 



< 



< 



9 P lHl 3=1 

cY,\p\ 3+2s H\ 2 



< C\\v \\ 2 s+ s. 

where we used 

2. Doing computations similar to those performed in Step 2, we obtain that 



i's < cj2(i)- 2 il E w 2 ^ 



22 H 2s + M 2s 



n-1 



M 2 -M 2 rn<ft-*>~ fc 



(\p\ + M) 2 

p;|p|#l?l Vl ^' i=i 



-ft 



< cEkl>l 2 E (H + ki) 2s+4 ^ 2 IIfe-*) 

p 9;l«l#|p| J= l 

< C| If 

where we used the fact that s + 2b < 1/2. Since s + 2 > 1, we finally have that 

C Fo <C\\v \\l i+2(Q) . 
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This completes the proof of Proposition |3.10 



We can now complete the proof of Theorem 



3.9. Let s, b, uq and ut be as in the statement of the theorem. 



Using Proposition 3.10] and proceeding as in the proof of Theorem 3.1, one can show that the map 



I» = W D (t)u + i W D {t- t)N(v)(t) dr + A(u T - W D (T)u - u){v, Tj) 



(76) 



has a fixed-point T(v) = v in some closed ball Bm C Xj b {VL) provided that 

small enough. Such a trajectory v fulfills all the requirements of Theorem |3.9| . In pa rticu lar, v_E_X T b (yi) H 



the notation 



C([0,T],.. DX 



The smoothness of the last term in (|76|) follows from Proposition 3.10 

u>(v, T) = i 



uo\\ H > (n) + \\ut\\h* d (q,) is 
it, v G X 
In ([76]), we used 



W D [T -T)N(v){r)dT. 



Note that /„* W D (t - t)N(v)(t) dr e X s T b , +1 (ft) c C([0, T];H S D (Q)), by Lemma |1 
b' > —1/2. In particular, u>(v,T) 6 Hf)(Q). The proof of Theorem |3.9| is achieved. 



731), and the fact that 



3.i may be applied when n > 2, Tq is a 



Remark 3.11 (a) Using ideas from j^j, it is likely that Theorem 
neighborhood of a vertex, and N(u) — X\u\ a u with a > small enough, 
(b) The condition s + 26 < 1/2 in Proposition 3.1L is actually sharp. Indeed, let us take n — 1 and pick any 
p E N* and any r\ G S(R) with |?)(r)| > 1 for — 1 < r < 1. Set v (x) = s'm(px) for x E tt = (0,tt). With 
Tq = {0} , we have that Ip = pq with 



2i 



tr){t)(T + p 2 ) P 2 



2)j(r + p 2 ) -f/(T + q 2 ) 



? ? 
<7 Z — p z 



-pq 



if q = p; 
if q^p- 



Therefore 



-£\\n u \\x s , b <si) 



dr (qf S (r + q 
q\q=£p 



2\2b 



v(t+p 2 ) -fi(T + q 2 ) 



q 2 — p 2 



2 2 

p q 



+ (/ dr(r+p 2 ) 2b |t, ? (t)(r+ J3 2 )| 2 )(p)V 
2b\v(r+p 2 )\ 2 2 2 



drJ2{q) 2S {r + Q 2 ) 

q\q=£p 



2,2 p q + J(p) 

q 2 — p 2 \ 2 



where \ J(p)\ < Cp 2s+A < |t>o| | 2 +2 ; according to the estimations of Ix, I2, and the fact that 

dr(r + q 2 ) 2b \f](T + p 2 )r)(r + q 2 )\ dr < const < 00. 



Since for q ^ p 

J dr{T + q 2 ) 2b \f,(T + p 2 )\ 2 > 
we have that for s + 2b > 1/2, 

^2b\ v(r + P 2 )\ 2 

\q 2 — p 2 \ 2 



dr(T + q 2 y b >C\q 2 -p 



2 1 26 



drJ2(q) 2s (r + q 2 )' 
q\q=£p 



2 2 

p q 



>Cp 2 J2 \q 2 - P 2 \ 2b - 2 {q) 2s q 2 = oo, 



q\q>p 



therefore nu ^ X St b(fl). The condition s + 2b < 1/2 seems related to the fact that any smooth function on 
T™ with nonnull boundary values belongs to the space H S D (Q) for s < 1/2 only. Better results will probably 
require to consider other Bourgain spaces than X s ^(fl). 
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Corollary 3.12 Let n = 1, 17 = (0,7r), To = {0}, and let the nonlinear term N(u) satisfy 

\N(u) - N(v)\ < C{\u\ a + \v\ a )\u ~ v\, Vu,v E R. 

for some a G [0,5/4). Let p = |(q + 1) < 3. Then there exists a number S > such that for any 
uq,ut E L 2 (Q) satisfying 

H«olU a (fi) < <5, ||wt||l2(o) < 5 

one may find a function h G H?(0,T) and a solution u E C*([0, T]; L 2 (ft)) n L p (0, T; L P (Q)) of ©-© 
smc/i i/iai u(0) = uo U (T) = ut- 

For instance, N\(u) = \\u\ a u with < a < 5/4, and N^u) of the form ( |6l| ) with a = 1 are concerned. 
Proof. From the classical Strichartz estimate (see e.g. [ p0| ) 

M|l 4 (r ; l 4 (t)) < C|kllx | 

we obtain at once the following estimates involving the spaces Xj b (Q) 

IMlL 4 (o,T;L 4 (n)) < C\\u\\x T 3 (n) 

°' 8 

Notice that for v G L p (0, T; i p (fi)), we have that 
t 

Wb(« - T)N{v)(r)dT G Xjg (fi) C C([0, T]; L 2 (f>)) n L p (0, T; L p (ft)). 



o 



Indeed, 



W D (t-T)N(v)(r)dr\\ X T 5(n) < C\\N(v)\\ x t s(n) 

°' 8 °' 8 

— 11 v /M L3 (0,T;L3(n)) 



In particular, oj(v, T) = i J - r)7V(w)(r)dr G L 2 (fl). On the other hand, by Proposition |3~To| , A 

maps continuously L 2 (Q) into C([Q,T]; L 2 (Vl)) n X r 6 (fi) for any 6 < 1/4. Interpolating between 



we obtain that 
Therefore 

It follows that the map 



X 3 C L 4 (M; L 4 (T)) and AT 0:0 = L 2 (R; L 2 (T)) 



X , b cL p (R;D>(T)) for 6 = §(± - i) < -■ 

Zip 4 



A(L 2 (fi)) C C([0, T]; L 2 (fi)) n L p (0, T; L p {tt)). 



r(u) = Wi)(t)uo +i / W D (t-T)N(v)(T)dT + A(u T -Wd(T)u -w(v,T)) 

is well defined from L p (0,T; L P (Q)) into C([0, T];L 2 (Q)) n £ p (0, T; L p (r2)). Using the computations above, 
one readily sees that T contracts in some ball B M C L p (0,T- L p (fl)), provided that ||uo||L 2 (f2) + ll M T||i 2 (a) 
is small enough. ■ 



Corollary 3.13 Theorem 3.1 may be applied when n — 2, fl = (0,7r) 2 , g is a smooth Dirichlet controller, 
N(u) = u 2 , s G (— |, —3); b G (|, 5) with s + 26 < i, and b' > —\ is sufficiently close to —\. 



Corollary 3.13 is a direct consequence of Theorem 3J3 and of the following result, whose proof is postponed 
in Appendix. 
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Proposition 3.14 Let s G (— § , —5) and b G (§, 5). Then there exists b' G (—5, — 75) a^rf C > such that 



\\VlV 2 \\x 3 b ,(T2) < C||«l|U s , b (T2)||w2||x,,i,(T2), Vv 1 ,v 2 e X s . b (T 2 ), 

\\uiu 2 \\x s b ,(n) < C\\ui\\x s , b (a)\\u 2 \\x s , b (a), V«i, u 2 e X s>6 (n). 



(77) 
(78) 



Notice that if we increase the value of s, the state space in which the controllability result holds has to 
take into account the fact that the value (or the normal derivative) of the function vanishes on dil \ T . To 
state a result of this kind, we limit ourselves to the situation when To is a side, e.g. 

To = {0} X (0,Z 2 ) X---X (0J n ). 

Introduce the domain ft = ( — 1, ii) x (0,^) • • • x (0, /„) and a function a G C£°(f2 \ f2), and consider the 
internal control problem 



iu t + Au + N(u) = ia(x)h(x, t), x G ft, t G (0, T). 



(79) 



Taking the restriction to O X (0,T) of solutions of (|79j), we obtain as a corollary of Theorem B.l that both 
systems (|69"|)-(f70|) and (p9[)-([7l|) are locally exactly controllable in some subspace of H s (fl) for any s > s a>n . 



Corollary 3.15 For given a > 1, n > 2, X G M, s > s a ^ n and T > 0, there exists a constant 5 > such that 
for any uq, U\ G H s (ft) satisfying 

IHIff=(fi) < S, i = 0,l 

and 

Ui = Aui = ■ ■ ■ = A p Ui = ieffl\r , p< 



2s- 1 



. dui dAui 

(resp. — = 



dv dv 



dAPu 
dv 



x G 9O\r , p< 



i = 0,l 

2s -3" 



, i = 0, 1), 



then one can choose a control input h such that system (ft£\)-(\7(\) (resp. system (p£\)-ft7^)) admits a solution 
u G C([0,T};H s (n)) with 

u(x, 0) = uq(x), u(x, T) = u\[x). 



Remark 3.16 By using the same extension and restriction argument, one can derive a local controllability 
result in the space H s (fl) when s > s a ^ n and for any given bounded smooth set VL, provided that the control 
is applied on the whole boundary (i.e. Tq = dfl). A result of this kind for which the critical Sobolev exponent 
s = s c = S2,2 = is reached, is given in Jff/ . 



4 Stabilization 

In this section we focus on the internal stabilization of the semilinear Schrodinger equation on the torus T™ 

iu t + Au + N(u) = -ia 2 (x)u, x G T" (80) 

where a is any smooth real function with a ^ 0. 

We have the following local exponential stability result which does not require the Geometric Control 
Condition. 

Theorem 4.1 Let a G C^°(T n ), a ^ 0, and let s > s Qi jv. Then there exist some constants v, C such that 
every solution u of ( p0| ) issued from the initial state uq G H s (T n ) satisfies 

||u(*)|| a < Cfe-^Ht^lU Vt>0. (81) 

Proof. We proceed as in fhj}] . The operator A a — iA — o? with domain T>(A a ) — H s+2 (T n ) generates 
a continuous group (W a (t))t£M of operators on H s (T n ). The first step is to check that the semigroup 
(Wa(t))teH+ is exponentially stable in H s (T n ). This is done in the following 
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Proposition 4.2 There exist positive constants C > and v > such that 

\\W a (t)u \\ s < Ce- Ut \\u \\ s V<>0. 



(82) 



Proof. When s = 0, the exponential stability of {W a (t)) te ^+ is a direct consequence of Theorem |2.2| , 
according to ]3q| . To prove ( |S2"| ) when s = 2, we pick any uo G i? 2 (T") and set v := w t . Then u solves the 
system 

u t = iAu — a 2 (x)u, a; E T", 

0) = vq(x) :— iAuo(x) — a 2 (x)uo(x). 



(83) 



By the property (|82j) established when s — 0, we have 

IKi)||o < Ce-^Huollo, ||»(t)||o < Ce-"||i;o||o. 
Since iAu = v + a 2 u, we conclude that 

||«(t)||a <Ce-^||tto|| 2 Vt>0. 



An easy induction yields (|32|) for any s E 2N. The proposition then follows by a classical interpolation 
argument. ■ 

Let us now turn our attention to the stability properties of the nonlinear system 

Ut = A a u + iN(u), u(., 0) = mo 
that we shall write in its integral form 

(84) 



U(t) = W a (t) Uo +i W a (t- T)N(u)(T)dT. 

Jo 

At this point, we need to establish linear estimates when W a is substituted to W. 

Lemma 4.3 Let T > 0, s > and < b < 1 be given. Then there exists a constant C > depending only 
on T , s and b such that 

\\w a m\xi b < cu\\ a 

for any <j> E H s (T n ) 

Proof. An application of Duhamel formula gives 



W a {t)<j) = W(t)4>- / W(t-T)(a J W a (T)<t>)dT. 
Jo 



(85) 



It follows that 



\\W a m\xl b < \\W{m\ XJb + \\ J^W{t-T)(a 2 W a {T)^)d T \\ xlb 

< a||^|| s + c||a 2 w a (t)0|U sVi 

< C||0||. + q|W o (^|U a(OjT;H . fP . )) (asb-l<0) 

< c|MI., 



as desired. 



Lemma 4.4 Let T > 0, s > 0, and b € 1) be given. Then there exists a constant C > depending only 
on T , s and b such that 



W a {t-T)f{ T )dl 



<C\\f\\ X T 



for any f E Xj b _ v 
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Proof. It follows from (B5j) that 



W a (t - r)/(r)dr 



W(t - r)/(r)dr - / W(f-T)a 



W (r-a)/(a)da dr, 



hence 



< C\\f\\ X T b 

< C\\f\\ X T 



+ C\\a 2 / W a (t-s)f(s)ds\\ xT% 



+ C\\ / W a (t- s )f(s)ds\\ X T 



W a (t-s)f(s) ds\\ x i 



CT a \ 



for some constant a > 0, by virtue of Lemmas |3.2| and |30|, Lemma 2.11]. The result follows at once if T is 
small enough, say T < Tq. For T > To, the result follows from Lemma 4.3 and an easy induction. ■ 

Let us now proceed to the proof of the exponential stability of the system (|80|). Pick a number s > 0. 
According to Proposition 4.2, there exist positive constants C, v such that 



\W a (t)u \\s < Ce-^IKI 



W > 0. 



Pick a time T > such that 



Ce 



-vT 



<4 



and fix a number b € (s, 1). We seek a solution u of the integral equation ( |S4| ) in the form of a fixed point 
of the map 

r(tt) = Wa(t)u + I [ W a (t-r)N(u)(T)dT 

Jo 

in some ball Bm of the space Xj b . This will be done provided that ||ito||s < 5 where 5 is a small number 
to be determined. Furthermore, to ensure the exponential stability, 5 and M will be chosen in such a way 
that ||m(T)|| s < ||w || s /2. Pick for the moment any S > and M > 0, and let u £ H s (T l ) be such that 
|| u o||s < $• By computations similar to those displayed in the proof of Theorem 3T with W a (t) substituted 
to W(t), we arrive to 

||r(u)|| X T < c\\u \\ s + cM a+1 \/ueB A 



and 



||r(u)-r(u)|| X T < cM a \\u- v\\ x t Vu,veB 



for some constant c > independent of 5, M, and uq. On the other hand, using the estimate of ||w(T, 
in the proof of Theorem 3.1, we obtain 



l|r(«)(T)|| 



< 



\W a {T)u \ 



W a (T -t)N(u)(t)dt\\ 



cM 



a+l 



Pick 5 — 4cM a+1 where M > is chosen so that 



(4c 2 + c)M a+1 < M and cM a < -. 



Then we have 



||I»|| x r < M Mu&Bm 

s ,b 

\\T{u)-T{v)\\ X T b < l -\\u-v\\ X T b 



Vu, v £ B 



M ■ 



Thus the map T, which is a contraction in Bm-, has a fixed point u S Bm- By construction, u fulfills 



IKT)|| s = ||r( u )(T)|| s <-. 
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Assume now that < ||wo|| s < 8. Changing 8 into 8' := \\uq\\ s and M into M' := (8'/8) € >+ 1 M 1 we 
obtain that ||u(T)|| s < ||u || s /2, and an obvious induction yields ||u(fcT)|| s < 2~ fe || Uo || s for any k > 0. As 
Xj b C C{[0,T};H s (T n )) for b > 1/2, and NUj, < M = (<5/(4c))^t, we infer by the semigroup property 
that there exist some constants C > 0, v' > such that 

IKi)|U<C' , e- i/t |h>l| s - 

The proof is complete. ■ 



5 Appendix 



5.1 Proof of Proposition |3.4j . 

We proceed as in ^ pp. 115-118]. We first introduce some notations. Let | 
x = (xi)i<i< n G R™. We introduce a dyadic partition of R" 

Z" = UjzpDj, 

where D = {0}, and Dj = {k G Z n ; 2- J '~ 1 < |fc|oo < 2 j } for j > 1. For any Holder exponent p, q G [l,+oo], 
we write L\L% for L p (R t , L q (T™)) . The (discrete) cube of center x G l n and sidelength 2R > is 

Q(x ,i?)-{fceZ"; Ife-ioloo < R}. 

The Strichartz estimate (|],@) 

n n + 2 1 
IMU*LJ < c||u|U,, k . s >2 4~ ' &> 2' 

when combined with the standard estimates 

NL?£i = IHIxq.o 

and Sobolev embedding theorem, gives by interpolation the following result. 

Lemma 5.1 f|7|, cor. 2.2]) Letn>2. 

(i) For all p, q, s satisfying 

llllln2n 

q<_< 0<-<--- s>- , (86) 

p 4 q 2 p 2 p q 

there exists a number b G (0, h) such that for all u G X s ^, it holds 

\\ u \\L p t L% < c\\ u \\x Stb (87) 

(ii) For all p, q, s, b satisfying 

11111 ...11.,, 11 

0<-<-<-<- + -<l, s> (n- 2)( ), and b > 1 (88) 

p q 2 p q 2 q p q 

then for all u G X s ^, ( jB7| ) holds. 

Let T x denote the Fourier transform in x, and let 1q denote the characteristic function of the cube Q. The 
following result, inspired by an observation made in |@], indicates that for a function spatially supported in 
a cube, only the sidelength of the cube (not its center) comes into play in d87l). 

Lemma 5.2 (fldj, Lemma 2.4]) Assume that for p,q, s,b the estimate (pif ) is valid. Then there exists a 
constant c > such that for any cube Q of center xq G R" and sidelength R > it holds 

W^-HqTMWli < cR s \\u\\ Xoy (89) 
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It follows that if ( |S6l ) (or (§8h) holds and if u = u(x,t) is a function decomposed as 



fe-a;o|oo<-R 

then 



| M | ifii <ci? s | \u\\ Xo>b =cR s I E f (r+\k\ 2 ) 2b \u(k.T)\ 2 dr\ . (90) 

\|fc-2;o|oo<fl / 

Let the functions Ui, u a+ \ £ X s< b be given, where s and b denote some positive numbers, and let us set 

U = UxU 2 ■ ■ -u a +i 

where Ui is Ui or uj. To estimate _ b we proceed by duality, estimating the integral / R / T „ uvdxdt for 

any v G X_ S) 6 with ||v||x_ s t < 1. By Plancherel theorem 

,. a+l 

E / <fc) s (n^( fc ^)X fc r s «( fc > T ) 

J r , ... T 



fcl-fea+1 n '" Toi + I 



where k — k% + ■ ■ ■ + fc Q +i and r = n + h r a+ i. Notice that it(fcj, r») = fcj, — t»). Writing fcj £ -Dj;, 

ji > 0, we obtain 

Q + l 

(fc i ,r i )|)(A:)- s |t)(fc ) T)|, 



/ / uvdxdt\< e e / wcni^ 



where now fc = ±fci • • • ± fc Q +i, r = ±ti • • • ± r Q+ i if = Uj, — fcj if u, = Ui, and the same for ±Tj). 

We shall focus on the sum £ = V . ^ . ^ ^ . , the other contributions leading to similar bounds. As 
\ki\oo 2|fci| oc for i > 2, we have that 

£<c E 2 ° 1S E / (ni^(fc i ,r i )|)(A : r s |«(fc ) r)|. 

Pick 7 e N* with 

a < Y<- 2 

and split £ into Si + £2 where Si corresponds to the j\, ...,j a +i for which 

h > h + 1 + 2 > h > 33 > ■ ■ ■ > ja+l- 
Consider a "partition" of Dj 1 into a collection of cubes Qi of sidelength 2 32 

D n =UiQi. 

Note that each k G Dj ± belongs to at most 2 n cubes Qi. For any I, we denote by Qi the cube of sidelength 
2 32+7 with the same center as Qi if k = k\ ± hi ■ • ■ , and with center the opposite of that of Qi if k = 
— k\ ± k% • • • . We claim that k € Qi when k\ £ Qi and fcj G Dj 4 for « > 2. Indeed 

Moo + • • • + |fca+iU < a2» < (91) 

hence if Q z = Q(x , 2- 7 ' 2 " 1 ) 

lixo-fcloo < |±x -±fci|oo + |fc2|oo + --- + |A: Q+ i|oo <2^- 1 + 2^+^- 2 <2^+^- 1 . 
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Notice also that Qi C Dj^-x U Dj 1 U Dj^+x since the sidelength of Qi is at most 2 J1 2 and Q/ C Dj-j. It 
follows that 

£i<c J] 2^J2 E E / (nifii(fci.T i )|)lQ I (fe)<fc)-«|«(fc,r)|. 
' fcie «'fc a ez> ja , 1 "' Tq+1 1=1 

ja>ja> — >joc+i k a + 1 £D ja + 1 

Let us introduce the functions 



fcGQ 

and 



/,(*,*) = E / |fii(fc,r)|e i(fc - s4 ^dT 
9l (x,t) = E / W-IO^TjIe^-^dT 



fcGD 

By Plancherel theorem 



fti(ar,t)=y] [ \u t (k,T)\e l{k - x+Tt) dT for i = 2, a + 1. 



Si<c V 2^ S V / / |Ma-"/i«+i5l|<k*k 
, Jr Jt™ 



Jl>j2+7+2 ' 
32>J3>"->J<» + 1 

Pick Holder exponents pi, qi,p2, <li € [1, oo) such that 

3 a — 1 , 

— + = 1 92 

Pi P2 

3 a — 1 H ,„„. 

— + = 1 93 

We have that 

„ „ ct+X 

/ / \fih 2 ---h a+1 g l \dxdt<\\fi\\ L Pi Ll i\\g l \\ L Pi Ll i\\h 2 \\ L Pi LV Y[\\hi\\ L P t 2 L «2. 

J7SL <J T n - g 

Assume that for some exponents 81,61,82, 62 the following estimates hold 

< c\\ u \\x 31 , bl , (94) 
IML^i** < c||u||x S2li , 2 - (95) 

Then, by (901) and the fact that the sidelength of Qi (resp. Qi) is 2-' 2 (resp. 2- 72+7 ), we have 



\\fl\\ Lt , Lll < c2^(J2 l(r+\k\ 2 ) 2bl \ni\ 2 Y 

k€Q, Jt 

\\9l\\ L 'i L ? < c2^(Y, J{r+\k\ 2 ? b ^{k)- 2s \v\ 2 Y 
keQi T 

\\h2\\ L *i L n < c2^( [ {r+\k\ 2 ) 2 ^\u 2 \ 2 ) h 

urn. Jt 



fcen,. 

and for i = 3, .... a + 1 



keD H Jt 



2b2, u,.\ 2 ) 



(96) 
(97) 
(98) 



< c ( E f(r+\k\ 2 ) 2b Hk)^\u^y. (99) 

keDj. Jt 
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Using Cauchy-Schwarz in we obtain 

s a < c Yl 2^ 2 MEE/ T ^ + i fc i 2 >^^ 



h>h+i+2 1 keQl T 1 k ^Q 

h>h>—>0a+l 

Q + l 



(E /(-+N 2 > 2hl l"2| 2 )^n( E f(r+\k\ 2 ) 2b2 (k) 2s ^\ 2 ) k 

k£D j2 Jt i=3 k€D H - T 

^ c E (E /(-+ifci 2 ) 2bi (fc) 2s Ki 2 )^( E f(r+\k\r bi (k)- 2s \v\ 2 )" 

32>i3>--->Ja+l 

(E /(-+l^ 2 ) 2hl (fc) 6si |«2| 2 )^n( E f(r+\k\ 2 ) 2b Hk) 2s ^\ 2 )K 



We used the fact that a point G Dj ± -i U -D^ U .Djj+i belongs to (at most) a finite number of cubes Q 

bounded by (2^+ 2 + l)". A sum £,- 4 > (Efeec , / T ( T +I fc | 2 ) 2h2 ( fc > 2s2 l^| 2 )^ can be estimated by c\\ui\\ x 
for any e > thanks to Cauchy-Schwarz. Summing successively in fc Q +i, k\ t we arrive at 



'I, 

2+ £ > b 2 



Q + l 



Ei < c||ui||x 8 , i ,J|u|k_ 8 , i , 1 ||u2||x 3si+e , i)1 n INIx„ 2+<Sll>a - 



i=3 



The same bound for E2 can be obtained by a more simple analysis. Indeed, as ji < 31 + 7 + 1 in the sum 
over ji, ja+i, we obtain 

E 2 <c 2313 J J \fh 2 ---h a+1 g\dxdt, 

Jl<32+7+l 

32>j3>"->j'a+l 

where 

/(*,«) - E / l«i(fc,r)|e^ + ^dr 

ff (x,t) = E / (fc)^l«(fc,r)| e ^+^dr 

|fc|<(2i + 1 +a)2J2 

and /12, h a+ i as above. Since 2- JlSl < c2 j2Sl , we still have 

||/|| L?li51 < c2^( J] / (r+lfcl 2 ) 2 ^!^! 2 )^ 

||fflL« £ .x < C 2^*(£ /(T+|fc| 2 ) 2bl (fc)- 2 1«| 2 )" 
Next, E 2 is estimated as Ei (see above). At this stage, we have proved that 

a+l 

E < clluiHx,,^ ||«||x_ s , 6l H^IUa^+s,,,! II W U i\\Xs 2 +e,b2 (100) 



i=3 



where e > is arbitrary small, the exponents si, 61, S2, 62 are taken so that (p4|)-(|95|) are satisfied, with the 
Holder exponents p\, <7i,£> 2j Q2 satisfying (|92|)-(|93|). The proof will be complete if, in addition, we have 



s > sup{3s x + e, s 2 + e}, bi<^,b 2 <^. 



35 



We distinguish three cases: (i) a > 3; (ii) a = 2; (iii) a = 1. 
(i) a > 3 

We aim to reach any value s > s c . To find the sets of exponents (p±, qi,s±,b{), (p2, 92, S2, ^2) satisfying (Jslf), 
( |92| ) and (f)3|), and leading to the "smallest" value of s, we are let to minimize the functional sup{3eri, 0-2}, 
where 



0"! 



(72 



n ,2 n , 

n 2 n 
2 ~ V + 



under the constraints 



4 < pi < 00 

o<i<i- 

qi 2 

4 < P2 < 00 

92 2 
3 a - 1 



Pi 
3 



P2 

a-1 



1 

Pi 
1 

P2 
1 



= 1. 



9i 92 

At this point, it is convenient to introduce the numbers r%, T2 with 



Note that, by (|107|)-(|lOS|), 



1 


2 


n 

H 




Pi 


9i 


1 


2 


n 

H 


'2 


P2 


92 


3 


a - 1 




— h 




71 + 


n 


T2 





(101) 
(102) 

(103) 
(104) 
(105) 
(106) 

(107) 

(108) 

(109) 
(110) 

(111) 



Therefore, 3cri = ^ — 2 + SL_1 (resp. 02 = § — ~) is a nonincreasing function (resp. a nondecreasing 
function) of T2- Thus the least value of sup{3<7i, 02} is achieved when 2><j\ = 02, which yields 



a 2 1 n 2 

^2 = -, n = 3(n + -) , 3cti =cr 2 = - 

2 a 2 a 



(112) 



I t re mains to find Pi , 91 , p 2 , 92 satisfying (|10S 



110|). Note fi rst th at (|108|) is satisfied whenever (107) is, by 



(111). Taking pi as variable, we infer from (|107 ), (|109| ) and ( 110 ) that 

1 1, 3,11, 2 s 2 1 2 



P2 a-1 Pi 



ii, 2 N 2 

— =o(! + — ) . 

91 3 na np% 92 n(a — 1) pi a 
The constraints (|105|), (|104|) and (|106|) are found to be respectively equivalent to 



Pi < 3(1 - ^— i-r^for a < 4), Pl > sup {6(n + 6(1 - -)(1 - — pi < 3a. (113) 

4 an na 



The value pi = 6 fulfills all the requirements in ( |ll3|) . Let now s > ^ — — be given. Choose e > such 
that 4s <s — (f — and pick si e (<7i, cti + e) and s 2 S (02, 02 + e)- Then ( ]94| ) and (|95| ) hold for some 
numbers 61 < i, 62 < 5, according to Lemma 5.1. Set finally b — sup{6i,&2j - Then we have 



Q+l 



S < c( ||u,-||x., 6 )||«||x_ 



which gives (c 
(ii) a = 2 
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Observe first that the approach followed in (i) does not work for n > 2. Indeed, the constraints (103)-(112) 
impose pi = P2 = 1i = 12 = 4, and the equation 3<7i = 2 is then satisfied only for n = 2. Assume n > 3. 
We now search a couple (pi , qi ) satisfying 



11111 , ,,11,, 11 

0< — <-<-<— + -<1, si>n-2)---, 61 > 1 , 

Pi qi 2 px qi 2 qi pi q x 



while (p2 , qi ) still satisfies 



11 111 n 2 n 

< - < -, < - < - - — , s 2 > 

P2 4 qi 2 p 2 2 p 2 92 

The Holder exponents (pi,9i) and (p2,q 2 ) have to satisfy the relations 

1, 
1. 

We still minimize the functional sup{3<7i, 02}, where 

. . , 1 1 , n 2 n n 2 ,„ 3 , 

CTl = n-2 ^2 = 77 = 75 "(I--) 

2 qi 2 p 2 q 2 2 p 2 qi 

by solving in q\ the equation 3cri = (T2 . Taking P2 = 4 to produce the least value of 02 , we find as solution 
9i = 3 (1 + 4^5 ) e (3, 4), which yields Pl = 4 and g 2 = 4(n - 1) by (|Tl^)-(|Tl7|) ; and 



3 


1 

1 


Pi 


P2 


3 


1 

\ 


3i 


92 



(114) 

(115) 

(116) 
(117) 



n 3 

001 = 02 = 77 7 ~ 



1 



2 4 4(n-l) 



n 3 



The constraints on pi, qi,P2,Q2 in (114)- ([L15[) are clearly fulfilled, for n > 2. Pick now any s > ^ - ^ — - — rT 
and e > such that 4e < s — — | — 4( ra -i) )■ We next pick si G (01, 01 + e), s 2 € (02,02 + e), 
61 € (1 - jr - 5), and 6 2 < 5 so that @ holds. Then (|J) follows with b = sup{6i, 6 2 }. 
(iii) a = 1 

In this case, we have with Pi = 51 = 3 



provided that (114) is satisfied, i.e. 



n - 2 , 1 
si > 01 = — 7— , h > -• 
6 3 



Therefore, if s > § — 1, taking e > such that 4e < s — (§■ — 1), Si G (o'i, 01 + e), and 6 = &i e ( 



conclude that 
and (H) follows. 



3 ' 2 ' 



s < clluill v J|m 2 ||x 3 6 |MU- 



5.2 Proof of Proposition 3.14 



We begin with the proof of ( |77|) by following closely |l7|. Note, however, that the main co ncern here is 
to have the condition s + 2b < 1/2 fulfilled. Let s,b be as in the statement of Proposition 3.14 , and let 
v\ 1 V2 G X s j, be decomposed as 



1,2. 



(Here, we use the symbol J- instead of • to denote Fourier transform in space and time.) Let 



fi(k,r) = {k) s (T-\k\ 2 ) b Fvi(k,T), i = l,2. 
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Then 2 

\\viV2\\x s . b , =||(fc)*<r+|fc|Y / J2 f[(ki)~'(n-\ki\ 2 )- b fi\\Ll T (H8) 

J Tl +T 2 =T kl+k2 = k i=1 

where J* T1+T3 _ T X^+s^fc stands for J R rfri X)fc 1( EZ 2 with the relations t\ + T2 = r and fci + ki = k satisfied. 
Let Aq (resp. A;, i = 1,2) denote the region where the largest number among (r + fc| 2 ), (n — |fci| 2 ) and 
(t2 — l^l 2 ), is (r + |fc| 2 ) (resp. (r, — |fci| 2 }, i = 1, 2). We infer from the relation 

2 2 
r + | fc |2_^ (r ._| fc .| 2) = | fc |2 + ^| fc .|2 

i=l i=l 

that 

W 2 + ^(fc,) 2 < C [ (r + |fc| 2 ) + j^(n - lfc.1 2 ) ) (119) 

i=l V i=l / 

Let us begin with the region A . ( |119| ) gives, with < e < inf{i(i — |s|), 2(6— \s\)} and —6' := |(|— s)+e < \ 



{k^ + S f[(h)- S +z <C(T+\k\ 2 )- h ' . 



The contribution in ( |l 18|) due to A is therefore bounded by 

c|K*>-i / E <^r e ^-N 2 >-Ulll^ 



= C||<fc>-* 


/ E (fcrWIII^ 

yri+r 2 =r kl+k2 = k 


2 

=ciin js 

i=l 




"^Villl 




2 

i=l 


- e r 


^l-^WilllifiSi 


4 

9> 3 


2 

i=i 




l-^WilllifZ,^! 


4 

9> 3 


2 

<cni^ s 

i=l 




"^illl*- 




2 

<cnn^i 

i=l 


x», b 







where we used the fact that L«(T 2 ) C i?~2 (T 2 ) for q > 4/3 (by dualizing the Sobolev embedding H 2 (T 2 ) C 
L P (T 2 ) for p < 4), Holder inequality, and @-(|3). We also used the notation 



X" 



( / E W 2S < T - |fc| 2 ) 2 "l^(fc,T)| 2 dr)^ = \\u\\ Xa:b 



borrowed from |16|]. It remains to estimate the contributions in (118) due to the regions A\ and A 2 . By 
symmetry, we can consider only the region A\. In A±, since — s + § < 6, we have that 

(*2>— < C( n - |fci| 2 )- s+ * < C(n - |fci| 2 ) 6 



and therefore the contribution in (118) is bounded by 

\\(ky(T + \k\Y [ l/iKfe)- £ <r 2 -|fc 2 | 2 )- 6 |/ 2 ||U |)T = q|j-- 1 |/ 1 |j s - e j-- 1 |^ 2 |||x 8 



'ri+T 2 =r kl+k2=k 
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By (p6h-(p7j) with — s > 1/3 and —b' chosen sufficiently close to i, we have that 

X_ s ,_ 6 , C L 6 (K;L 6 (T 2 )), hence Li (R; (T 2 )) C X S)fe ,. 

It follows that 

ll^-Vil^^^^Hl^v < CH^-^AIJ-^I^Ualll | | 

< CH^I/xlll^jllJ-^l^alllijia 

< C7||«ilU- ll^-^-'l^lllx- 

Sjb e , b 

< C\\v-i\\ x . b \\v2\\x. b 



where we used Holder inequality and (p7|)-(|88|) with p = q = 3. This completes the proof of (77). 

To derive ( f78|) from ([77]), we consider two functions u\,U2 in ^^(O) C X a and consider their odd 
extensions Vi,V2 to (— n, 7r) 2 ; i.e., Wj(eia;i, €2^2) = e^udxi, x%) for a; = {x\, x%) G £1 and ej = ±1. Note that 
Ui,«2 G -X"o,6 an d that U1U2 = (viV2)\ n - For any function w — X^fceN 2 Jr -Fw^k, T)e lTt cos(k\Xi) cos (&2 2; 2)^1", 
we set 

IHI*., t( n )jv = E / (r+|fc| 2 > 26 (fe) 2 1^(fc,r)| 2 dr. 

fcSN 2 ~' K 

The Bourgain space X s ^{Q)n (with Neumann boundary conditions) is defined as the space of the w's for 
which the norm ||w||x 3 b {fi) N is finite. Since the function V1V2 is even with respect to both x\ and X2, we 
have that 

\\uiU2\\ Xa>b ,(Q) N ~ C\\viV 2 \\x s y < C|M|x 3 ,J|v2||x s , 6 < C||ui|| Xs b(n) ||u 2 || Xs , 6 (n)- 

We claim that X S) 6(fi) = X Si (,(f2)jv for |s| < 1/2 and |6| < 1. Note first that this is true for \s\ < h and 
b = 0, since 

X s , (O) = i 2 (M; fl" a (fi)) = X.,o(n)jv. 
The claim is also true for \s\ < 1/2 and b — 1, since 

it G X s .i(£l) •<=>■ u G JT Sj o(^) and ittt + Au G X Si o(^) 

and since a similar criterion may be written for X Sj i(f2)jv. The claim is also true for |s| < 1/2 and < b < 1 
by interpolation, and for \s\ < 1/2 and \b\ < 1 by duality. ( [78| ) foll ows f or 1*1,1*2 G Xo.h(ri), and also for 



1*1,1*2 G X S ^(Q) by density. This completes the proof of Proposition 3.14 
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